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DISTAL HIGHER RANK LATTICE ACTIONS ON SURFACES
ENHUI SHI
ABSTRACT. Let Γ be a lattice in SL(n,R) with n ≥ 3 and S be a closed surface. Then
Γ has no distal minimal action on S .
1. INTRODUCTION
The notion of distality was introduced by Hilbert for better understanding equicon-
tinuity ([4]). The study of minimal distal systems culminates in the beautiful structure
theorem of H. Furstenberg ([6]), which describes completely the relations between dis-
tality and equicontinuity for minimal systems. An interesting question is what compact
manifold can support a distal minimal group action? Clearly, the answer to this question
depends on the topology of the phase space and the algebraic structure of the acting group.
A remarkable result says that if a nontrivial space X admits a distal minimal actions by
abelian groups, then X cannot be simply connected (see e.g. [1, Chapter 7-Theorem 16]).
Thus the 2-sphere S2 does not admit any distal minimal abelain group actions. However,
it is very easy to construct a minimal isometric nonabelian group action on S2 generated
by two rigid irrational rotations around different coordinate axes of R3.
We consider the distal minimal actions of some higher rank lattices on closed surfaces
(2-dimensional compact connected manifolds) and obtained the following result.
Theorem 1.1. Let Γ be a lattice in SL(n,R) with n≥ 3 and S be a closed surface. Then
Γ has no distal minimal action on S .
Here we remark that this theorem does not hold for the case n = 2, since the free
nonabelian group Z ∗Z is a lattice in SL(2,R) and we have mentioned that Z ∗Z can
act on S2 minimally and distally. In addition, there do exist isometric minimal actions of
some lattices in SL(n,R) on compact manifolds with dimension > 2 (see e.g. [13] or [3,
p.59]). We should notice that there are nondistal minimal higher rank actions on surfaces,
such as the action of SL(3,Z) on RP2 induced by the linear action on R3.
2. PRELIMINARIES
In this section, we will recall some basic notions and introduce some results which will
be used in the proof of the main theorem.
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2.1. Distal actions. Let X be a topological space and let Homeo(X) be the homeomor-
phism group of X . Suppose G is a topological group. A group homomorphism φ : G→
Homeo(X) is called a continuous action of G on X if (x,g) 7→ φ(g)(x) is continuous; we
use the symbol (X ,G,φ) to denote this action. The action φ is said to be faithful if it is
injective. For brevity, we usually use gx or g(x) instead of φ(g)(x) and use (X ,G) instead
of (X ,G,φ) if no confusion occurs.
For x ∈ X , the orbit of x is the set Gx ≡ {gx : g ∈ G}; K ⊂ X is called G invariant
if Gx ∈ K for every x ∈ X ; (X ,G,φ) is called minimal if Gx is dense in X for every
x ∈ X , which is equivalent to that G has no proper closed invariant set; is called transitive
if Gx = X for every x ∈ X . If K ⊂ X is G invariant, then we naturally get a restriction
action φ |K of G on X ; if K is closed and nonempty, and the restriction action (K,G,φ |K)
is minimal, then we call K a minimal set of X or of the action. It is well known that
(X ,G,φ) always has a minimal set when X is a compact metric space.
Suppose (X ,G,φ) and (Y,G,ψ) are two actions. If there is a continuous surjection
f : X → Y such that f (φ(g)x) = ψ(g) f (x) for every g ∈ G and every x ∈ X , then we say
f is a homomorphism and (Y,G,ψ) is a factor of (X ,G,φ). If Y is a single point, then we
call (Y,G,ψ) a trivial factor of (X ,G,φ).
Assume further that X is a compact metric space with metric d. The action (X ,G,φ) is
called equicontinuous if for every ε > 0 there is a δ > 0 such that d(gx,gy) < ε when-
ever d(x,y) < δ ; is called distal, if for every x 6= y ∈ X , infg∈G d(gx,gy) > 0. Clearly,
equicontinuity implies distality.
The following results can be found in [1].
Theorem 2.1 ([1], p.98). Let (X ,G,φ) and (Y,G,ψ) be distal minimal actions, and let
f : X → Y be a homomorphism. Then f is open.
Theorem 2.2 ([1], p.104). Let (X ,G,φ) be a distal minimal action. If X is not a single
point, then (X ,G,φ) has a nontrivial equicontinuous factor.
Theorem 2.3 ([1], p.52). Let (X ,G,φ) be equicontinuous. Then the closure φ(G) in
Homeo(X) with respect to the uniform convergence topology is a compact topological
group.
2.2. Compact transformation groups. Let (X ,G,φ) be a group action and H be a
closed subgroup of G. Then we use X/H to denote the orbit space under the H action,
which is endowed with the quotient space topology.We useG/H to denote the coset space
with the quotient topology, which is also the orbit space obtained by the left translation
action onG byH. IfH is a normal closed subgroup ofG, thenG/H is a topological group.
The following theorems can be seen in [12]. We only state them in some special cases
which are enough for our uses.
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Theorem 2.4 ([12], p.65). Let X be a compact metric space and let (X ,G) be an action
of group G on X. Suppose G is compact. Then for every x ∈ X, G/Gx is homeomorphic to
Gx, where Gx = {g ∈ G : gx= x}.
Theorem 2.5 ([12], p.99). Let G be a compact group and let U be an open neighborhood
of the identity e. ThenU contains a normal subgroup H of G such that G/H is isomorphic
to a Lie group.
Theorem 2.6 ([12], p.61). Let X be a compact metric space and let (X ,G) be an action
of group G on X. Suppose G is compact and H is a closed normal subgroup of G. Then
G/H can act on X/H by letting gH.H(x) = H(gx) for gH ∈ G/H and H(x) ∈ X/H.
2.3. Higher rank lattices. A subgroup Γ of a Lie group G is called a lattice in G if Γ
is discrete and G/Γ has finite volume. If Γ is a lattice of G and G/Γ is compact, then Γ
is called a cocompact lattice of G. It is well known that SL(n,R) with n ≥ 3 always has
cocompact and non-cocompact lattices; SL(n,Z) is a non-cocompact lattice of SL(n,R).
One may consult [18] for the examples of cocompact lattices in SL(n,R).
The following theorem can be deduced from [11, Theorem VII.6.5] and [18, Corollary
16.4.2] (see also [3, Theorem 12.4]).
Theorem 2.7. Let Γ be a lattice in SL(n,R) with n≥ 3 and let H be a compact Lie group.
Suppose φ : Γ → H is a group homomorphism. If φ(Γ) is infinite, then dim(H)≥ n2−1.
2.4. Open maps on S . There are several different ways to define the dimension of a
topological space. One may consult [5] for these definitions. It is well known that when X
is a compact metric space, then all these dimensions of X coincide. In general, if f :X→Y
is a continuous surjection between compact metric spaces X and Y , then the dimension
dim(Y ) can be larger than dim(X), even if f is open (see [16]). However, the situation is
completely different if X is a surface.
The following theorem is implied by the work in the papers [13], [14], [15], and [17].
Theorem 2.8. Let S be a closed surface and M be a manifold. If there is an open sur-
jection f : S →M, then dim(M)≤ 2.
2.5. Dimension of compact subgroups of Homeo(S ). It is well known that if M is
a connected compact Riemannian manifold of dimension n and I(M) is the isometric
transformation group of M, then I(M) is a compact Lie group of dimensional at most
n(n+1)/2 (see e.g. [10]). In general, for a compact group G of Homeo(M), it no longer
preserves the Riemannian metric onM. However,G can still preserve a compatible metric
onM. In fact, let µ be the Haar measure of G and ρ be any compatible metric onM. Then
the metric d onM defined by d(x,y) =
∫
g∈G ρ(gx,gy)dµ(g) is G invariant.
The following theorem is [9, Proposition 4.1].
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Theorem 2.9. Up to conjugacy, the rotation group SO(2,R) is the only maximal compact
subgroup of Homeo+(S
1).
The following theorem is well known in the theory of topology (see e.g. [7, Corollary
8.17]).
Theorem 2.10. Any continuous Hausdorff image of a locally connected continuum is
locally connected.
Theorem 2.11. Let G be a compact Lie group acting faithfully and transitively on a closed
surface S . Then dim(G)≤ 3.
Proof. Fix a G invariant metric d on S and fix a point p ∈S . Since G acts on S tran-
sitively, G/Gp is homeomorphic to S by Theorem 2.4, where Gp is the closed subgroup
of G which fix p. Note that Gp is also a Lie subgroup of G, since a closed subgroup of a
Lie group is a Lie group (see [8, Theorem 3.42]). Thus dim(G) = dim(Gp)+dim(S ) =
dim(Gp)+ 2. We need only to show that dim(Gp) ≤ 1. Let F be the connected compo-
nent of e in Gp. Then F is a closed and hence a Lie subgroup of Gp which has the same
dimension as that of Gp. If F = e, then dim(Gp) = dim(F) = 0≤ 1 and we are done. So,
we assume that F is a nontrivial connected Lie group in the sequel.
Take a closed disk D in S such that the interior Int(D) contains p, and take an ε > 0
such that the closed ball Bd(p,ε) ⊂ Int(D). Since F preserves the metric d and leaves
p invariant, Bd(p,ε) is F invariant. Let D1 be a closed disk such that p ∈ Int(D1) ⊂
D1 ⊂ Bd(p,ε). Let K = ∪g∈FgD1. Then K is an F invariant locally connected continuum
by 2.10, which is the closure of the connected open set ∪g∈Fg(Int(D1)). Similar to the
argument in [2, corollary 4.7], we then get an F invariant closed disk D3 ⊂ Int(D) with
p ∈ Int(D3). Then the boundary ∂D3 is an F invariant simple closed curve; in fact, ∂D3
is the boundary of the (unique) unbounded component of Int(D)\K.
Define a map R : F→Homeo(∂D3) by letting R(g)= g|∂D3. If there is some g 6= e∈ F
such that g fixes every point of ∂D3, then g fixes every point of S (see the proof of [2,
Lemma 4.8]), which contradicts the assumption that the action of G on S is faithful.
Therefore, R is a continuous isomorphism between F and R(F); particularly, R(F) is a
compact connected subgroup of Homeo(∂D3). Then we get dim(F) = dim(R(F)) = 1 by
Theorem 2.9.
All together, we have dim(F)≤ 1 and hence dim(G)≤ 3. 
3. PROOF OF THE MAIN THEOREM
Proof. Assume to the contrary that there is a distal minimal action φ : Γ → Homeo(S ).
By Theorem 2.2, there is a nontrivial equicontinuous factor (K,Γ,ψ) (which is also mini-
mal). Set H = ψ(Γ). From Theorem 2.3, H is a compact subgroup of Homeo(K). Apply-
ing Theorem 2.5, we can take a small normal subgroup H ′ of H such that H/H ′ is a Lie
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group and H ′y is a proper subset of K for every y∈K. Then we get a continuous transitive
action ψ ′ of the Lie groupH/H ′ on the quotient spaceK/H ′ by Theorem 2.6; in particular,
K/H ′ is a connected compact manifold of dimension≥ 1. Since (K/H ′,Γ,ψ ′ψ) is a non-
trivial factor of (S ,Γ,φ), by Theorem 2.1 and Theorem 2.8, we have dim(K/H ′)≤ 2. It
follows from Theorem 2.9 and Theorem 2.11 that dim(H/H ′)≤ 3. Since Γ acts on K/H ′
minimally and K/H ′ is of dimension≥ 1, ψ ′ψ(Γ) cannot be finite. Thus dim(H/H ′)≥ 8
by Theorem 2.7, which is a contradiction.

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